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ABSTRACT 
Hypotheses: 
A quantitative molecular-thermodynamic theory of the growth of giant wormlike micelles of 
nonionic surfactants can be developed on the basis of a generalized model, which includes the 
classical 'phase separation' and 'mass action' models as special cases. The generalized model 
describes spherocylindrical micelles, which are simultaneously multicomponent and 
polydisperse in size.  
Theory: 
By analytical minimization of the free-energy functional we derived explicit expressions for 
the chain-extension and chain-end distribution functions in the hydrocarbon core of mixed 
micelles from two surfactants of different chainlengths. 
Findings: 
The hydrocarbon core of a two-component micelle is divided in two regions, outer and inner, 
where the ends of the shorter and longer chains are located. The derived analytical expression 
for the chain-conformation free energy implies that the mixing of surfactants with different 
chainlengths is always nonideal and synergistic, i.e. it leads to decrease of the micellar free 
energy and to enhancement of micellization and micelle growth. The derived expressions are 
applicable to surfactants with different headgroups (nonionic, ionic, zwitterionic) and to 
micelles of different shapes (spherical, wormlike, lamellar). The results can be incorporated in 
a quantitative theory of the growth of giant mixed micelles in formulations with practical 
applications in detergency. 
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1. Introduction 
 Growth of wormlike micelles and other giant self-assembled aggregates has been 
observed in solutions containing single surfactant: nonionic [1,2,3]; zwitterionic [4,5], and 
ionic in the presence of added salt [6,7,8,9]. However, the growth of large micellar aggregates 
is most frequently observed in mixed surfactant solutions [10,11,12,13]. Upon the variation of 
solution’s composition, peaks in viscosity are often observed [14-19], which can be explained 
with the formation of giant entangled wormlike micelles and their size and shape 
transformations [9,20,21,22]. The prediction and control of micelle growth and viscosity of 
formulations from concentrated surfactant solutions is an issue of primary importance for the 
personal-care and house-hold detergency [23-26], as well as in oilfield industry [27]. A 
comprehensive review on wormlike micelles can be found in our recent article, Ref. [28]. 
Here, we focus our attention on studies that are related to the subject of the present article, viz. 
how does the mixing of surfactant chains of different length in the micellar core affect the 
growth of wormlike micelles. 
 The addition of fatty acids of different chainlength to surfactant solutions was found to 
induce a significant rise of viscosity and micelle growth [18,29,30,31]. At that, the greater the 
mismatch between the chainlengths of the fatty acid and the basic surfactants, the stronger is 
the viscosity rise [29-31]. This fact indicates that the micelle growth is promoted by a 
nonideal mixing of the surfactant chains in the micelle hydrocarbon core and implies that the 
chain-conformation component of micelle free energy plays an important role for the 
formation of giant micellar aggregates. Hence, the quantitative theoretical prediction of the 
conformational free energy, Fconf, represents a central problem in the theory of micelle growth.  
 The first molecular-thermodynamic approach to the calculation of Fconf was proposed 
in the pioneering works of Dill and Flory [32,33,34] on the molecular conformations in 
surfactant micelles. Based on calculations of the probability distribution function of chain 
segments in micellar aggregates, Ben-Shaul and coauthors [35,36,37] developed a model for 
the conformational free energy of the single-component surfactant micelles, which was 
extended to mixed micelles and bilayers [38,39]; for review, see Ref. [40]. Their approach 
was applied to model the growth of single-component nonionic surfactant micelles [41] and 
mixed micelles from alkyl poly(ethylene oxide) surfactants [42,43]. The complexity of the 
respective numerical calculations of Fconf, as well as the assumption for ideal mixing [43], 
does not facilitate the application of this theory works to the case of nonideal chain mixing. 
 An alternative approach is based on the relatively simple analytical expressions for the 
chain conformation free energy derived by Semenov [44] in the framework of a mean-field 
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theory. Combining these expressions, Nagarajan and Ruckenstein [45] obtained simple and 
convenient analytical formulas for the conformational free energy in the case of spherical, 
cylindrical, and lamellar micelles. Based on these formulas, Nagarajan [46,47] proposed also 
a semi-empirical expression for Fconf for binary mixed micelles. In the case of single-
component ionic surfactant micelles, Kshevetskiy and Shchekin [48] found that the 
conformational free energy is dominated by the electrostatic and other contributions to the 
work of micellization. However, (as already mentioned) in the case of mixed micelles with 
chainlength mismatch, the experiments [29-31] indicate that the chain-conformation effects 
are of primary importance.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Schematic representation of the structure of two-component surfactant aggregates in 
aqueous solutions: (a) spherical aggregate; (b) spherocylindrical (rodlike, wormlike) micelle; 
Rc and Rs are the radii of the cylindrical part and spherical endcaps, and (c) two neighboring 
lamellar aggregates. 
 
 It should be noted that Semenov [44] did not publish the full mathematical derivation 
of his formulas for the chain-conformation free energy of single-component aggregates. This 
was an obstacle to the generalization of his theory to mixed micelles. In a recent study, we 
succeeded to reproduce his derivations and obtained a relatively simple generalized formula 
for the chain-conformation free energy per molecule, fconf, in a single-component micelle [28]:  
2 2 2
conf conf
2
B B sg
3 4
16 1 3 2
f F R p
k T k TN l l p p
     (1.1) 
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Here, N is the micelle aggregation number; l is the length of the extended surfactant 
hydrocarbon chain; lsg is the length of a segment in the chain; p = V/(SR) is the packing 
parameter, where R, S and V are the radius, surface area and volume of the micelle 
hydrocarbon core. For spherical, cylindrical and lamellar micelles (Fig. 1), p takes values 1/3, 
1/2 and 1, respectively. In Ref. [28], it was demonstrated that in combination with the other 
components of the micelle free energy, Eq. (1.1) provides an excellent theoretical description 
of the growth of single-component wormlike micelles from nonionic surfactants (polyoxy-
ethylene alkyl ethers).  
 Our goal in the present article is to generalize Eq. (1.1) for the case of binary mixed 
micelles and to give a quantitative theoretical description of the nonideal mixing of chains of 
different lengths. For this goal, in Section 2 we introduce the chain distribution functions for 
the case of mixed micelles. Section 3 is dedicated to the procedure for determining the 
explicit form of these functions by minimization of the conformational free energy. In Section 
4, the chain-end distribution functions of the two components are determined and a formula 
that generalizes Eq. (1.1) is derived. Numerical results are presented in Section 5. In a 
subsequent article [49], the expression for fconf derived here is combined with the other 
components of micelle free energy to achieve an excellent agreement with experimental data 
for mixed nonionic micelles without using any adjustable parameters. Our plan is to extend 
this study also to mixed micelles containing ionic and zwitterionic surfactants.  
 
2. Theoretical description of surfactant chain conformations 
2.1. Chain-end distribution functions 
 To generalize the theory for single component micelles [28,44] to the case of two 
components, let us consider the surfactant chains as continuous strings with extended length 
lk = Nsg,k lsg and volume 3 2sg, sg sg ,k k kv N l l l   where Nsg,k is the number of segments with 
characteristic length lsg; the index k numbers the two surfactant components (k = 1,2); see 
Fig. 2. By definition, we assume that component 1 has longer chain, i.e. l1 ≥ l2. The radial 
axis r is directed from the surface of micelle hydrocarbon core, where r = 0, toward the 
micelle center, where r = R. For lamellar micelles, r = R corresponds to the micelle midplane; 
see Fig. 1c. The outer end of the chain is anchored to the micelle surface, whereas the inner 
end of the chain is located in the micelle interior, at r = r0k.  
 5
 The distribution of the chain free ends inside the micelle is characterized by the 
function Gk(r0k). By definition, Gk(r0k)dr0k gives the number of chains of component k, whose 
ends are located in the interval (r0k, r0k + dr0k). The integration of Gk(r0k), which is equivalent 
to summation over all molecules of component k in the micelle, yields: 
0 0
0
( )d   ( 1, 2)
R
k k k kG r r N k   (2.1) 
where Nk is the total number of molecules of component k in the micelle.  
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Each surfactant chain is anchored at the micelle surface (r = 0) and its end is at r = r0,k 
for a molecule of the the kth component, k = 1,2; nk numbers the segments in the chain of the 
respective molecule; r(nk) is the distance from the nk-th segment to the micelle surface; lsg is 
the length of a segment. By definition, it is assumed that component 2 has shorter chain than 
component 1. 
 
2.2. Chain-extension distribution functions 
 The shape of the chain of a surfactant molecule from component k within the micelle 
can be characterized by the function r(nk), where nk is the number of the segment, 1  nk  
Nsg,k, and r is its radial distance from the micelle surface. By definition, at the micelle surface 
we have r(0) = 0, whereas r(Nsg,k) = r0k for the inner end of the chain. Furthermore, the local 
extension of the chain (in radial direction) can be characterized by the function [28,44]: 
0 0
d( , ) ,  0
dk k kk
rE r r r R
n
    (2.2) 
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The maximal value of this distribution function of local chain extension is Ek(r0k,r) = lsg for a 
segment that is oriented in radial direction (dr = lsg, dnk = 1). The reciprocal quantity, 
1/Ek(r0k, r) = dnk/dr, expresses the number of segments (from a given molecule of component 
k) per unit length in radial direction. The integral of this quantity gives the total number of 
segments in the chain: 
0
sg, 0
00
d ,     0   ( 1, 2)
( , )
kr
k k
k k
r N r R k
E r r
     (2.3) 
 Furthermore, let S(r) be the area of a surface r = const. situated in the micelle core 
(Fig. 2). The number of segments of chains contained in the elementary volume S(r)dr can be 
presented in the form: 
1 1 01 01 2 2 02 023
sg
( )d (d ) ( ) d (d ) ( ) d
R R
r r
S r r n G r r n G r r
l
    (2.4) 
Here, 3sgl  is the volume per segment; (dnk) is the number of segments (from a given molecule 
of component k) located in the considered layer of thickness dr and, finally, the integration 
with respect to r0k is equivalent to summation over all surfactant molecules of component k, 
whose chain-ends are located in the interval (r, R) and which contribute to the total number of 
segments contained in the elementary volume S(r)dr. It has been assumed that the segment 
density in the micellar core is uniform. In view of Eq. (2.2), we can represent Eq. (2.4) in the 
form: 
3 0
1 2 sg 0
0
( )( ) ( ) ( ),  where  ( ) d   ( 1,  2)
( , )
R
k k
k k
k kr
G rS r S r S r S r l r k
E r r
     (2.5) 
where S(r) is the area of the surface r = const., which is located at a distance r from the 
respective interface.  
2.3. Expression for the cross-sectional area function 
The standard definition of the packing parameter, p, is [50]: 
RS
Vp
)0(
  (2.6) 
where S(0) is the surface (at r = 0) area of the micellar hydrocarbon core; R and V are the 
radius and volume of micelle hydrocarbon core; see Fig. 2. (In the case of lamella, R and V 
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refer to the thickness and volume of one leaflet of the lamella.) For spherical, cylindrical and 
lamellar geometries, we have [28]:  
3
1  , )(4)(  , 
3
4 23  prRrSRV   (sphere) (2.7) 
2
c c
1 ,  ( ) 2 ( )  ,  
2
V R L S r R r L p      (cylinder) (2.8) 
1  , )(  , lamlam  pSrSRSV  (lamella) (2.9) 
where 0 ≤ r ≤ R; Lc is the length of the cylinder, and Slam is the area of the lamella. The above 
expressions for S(r) can be presented in a compact form [28]: 
1 1
( ) (0)(1 / ) (1 / )
p p
p pVS r S r R r R
Rp
 
     (2.10) 
One could verify that for p = 1/3, 1/2 and 1 Eq. (2.10) reduces to the expression for S(r) in 
Eqs. (2.7), (2.8) and (2.9), respectively. Following Ref. [28], we assume that Eq. (2.10) can be 
used as an interpolation formula for S(r) in the whole interval 1/3 ≤ p ≤ 1. 
 
3. Chain-conformation free energy 
3.1. Expression for the conformation free energy 
 The unperturbed end-to-end distance of a chain of component k containing dnk 
segments is (dnk)1/2lsg [51]. Inside the micelle, this chain could be extended, so that its ends lie 
at a distance dr from one another. This corresponds to a local conformation elastic free energy 
of the considered chain, conf,k, which can be estimated by using the Flory expression 
[44,45,51]: 
2
conf,
01/2 2 2
B sg sg
d 3 (d ) 3 ( , ) d
2 [(d ) ] 2
k
k k
k
r E r r r
k T n l l
    (3.1) 
The factor 3/2 accounts for the three-dimensional character of deformation; kB is the 
Boltzmann constant and T is the temperature. By integration of Eq. (3.1) and summation over 
all components, one obtains the total conformational free energy for all chains in the micellar 
core: 
02
conf
0 0 02
1B sg 0 0
3 d ( ) d ( , )
2
krR
k k k k k
k
F r G r r E r r
k T l 
    (3.2) 
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In the last equation, the integration over r is equivalent to summation of contributions from all 
segments of a given molecule, whereas the integration over r0k – to summation over all 
molecules of component k. Furthermore, it is convenient to introduce dimensionless variables 
as follows: 
sg,0
0 0=  ,   ,  ( , ) ( , ) ,  ( ) ( )  ( 1, 2)
kk k
k k k k k k k k k
Nr Rvrx y x y E r r g x G r k
R R R V
     (3.3) 
In terms of the new variables, Eqs. (2.1) and (2.3) acquire the form: 
1
0
( )d   ( 1, 2)k k k kg x x k   (3.4) 
0
d 1  for  0 1  ( 1, 2)
( , )
kx
k
k k
y x k
x y      (3.5) 
where 1 and 2 are the volume fractions of the tails of the two surfactants in the micellar core: 
1 2  ( 1, 2);   1k kk
N v k
V
       (3.6) 
It is convenient to introduce also local area fractions, s1(y) and s2(y), occupied by the tails of 
the two surfactant components in a cross-section corresponding to a dimensionless distance 
y = r/R: 
1 2
( )( )   ( 1,  2);  ( ) ( ) 1
( )
k
k
S rs y k s y s y
S r
     (3.7) 
With the help of Eqs. (2.10), (3.3) and (3.7), we can represent Eq. (2.5) in the form 
1 1( ) ( )(1 ) d   for  0 1  ( 1,  2)
( , )
p
pk k k
k
k ky
s y g xy x y k
p x y

      (3.8) 
Likewise, in terms of the dimensionless variables Eq. (3.2) acquires the form: 
12 2
conf conf
1B B sg 0 0
3 d ( ) d ( , )
2
kx
k
k k k k k
k k k
f F yR x g x y x y
k T k TN l l
      (3.9) 
where fconf is the dimensionless conformation free energy per molecule; y1 and y2 are the mole 
fractions of the two surfactant components in the micelle: 
1 2 1 2  ( 1,  2);   and  1kk
Ny k N N N y y
N
       (3.10) 
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Using Eqs. (3.6) and (3.10) along with the definition 2sg ,k kv l l  we derive the relation between 
the mole and volume fractions, yk and k: 
1 1 2 2
1   ( 1, 2);k kk k
k k
N V ly k l y l y l
N N v l
        (3.11) 
where the micelle core volume is V = v1N1 + v2N2, and l  is an average chainlength. 
Substituting yk from Eq. (3.11) into Eq. (3.9), we finally obtain: 
12 2
conf
2
1B sg 0 0
3 d ( ) d ( , )
2
kx
k k k k k
k k
f R l x g x y x y
k T l l


     (3.12) 
3.2. Formulation of the minimization problem 
 The variational problem reduces to minimization of the free energy functional in Eq. 
(3.12) with respect to variations of four functions, viz. gk(xk) and k(xk,y) for k = 1,2, which 
describe the conformations of surfactant chains in the micelle. The minimization is to be 
carried out in the presence of four constraints expressed by Eqs. (3.5) and (3.8) for k = 1,2. As 
explained in Appendix A, Eq. (3.4) does not lead to additional constraints.  
 To solve the minimization problem, we introduce Lagrange multipliers 2( ) /k k kx l  and 
2( ) /k ky l , which are associated with the independent constraints expressed by Eqs. (3.5) and 
(3.8), respectively. Thus, in view of Eq. (3.12) the problem is reduced to minimization of the 
following Lagrange functional [28] 
1 12 2
2 2
1 10 0 0 0
1 1 dd ( ) d ( , ) d ( ) 1
( , )
k kx x
k k k k k k k k
k kk k k k
yx g x y x y x x
l l x y
   
             
11 12
2
1 0
( ) ( )1 d ( ) d (1 )
( , )
p
pk k k
k k
k k k ky
g x s yy y x y
l x y p
 


          (3.13) 
with respect to variations of the functions gk(xk) and k(xk,y) for k = 1,2. The minimization is 
to be carried out at fixed area fractions of the chains, s1(y) and s2(y). 
3.3. Results from the minimization procedure 
 The minimization problem is solved analytically in Appendix A. The following 
expressions for the chain distribution functions have been obtained: 
2 2 1/2( , ) ( )   ( 1,  2)
2k k k
x y x y k     (3.14) 
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1
1
2 2 1/2
( ) (1 )d( ) [ d ]  for  0 1  ( 1,  2)
d ( )
p
p
k
k
x
s y y yg x y x k
x p y x

      (3.15) 
In view of Eq. (3.7), the summation in Eq. (3.15) yields: 
1
1
1 2 2 2 1/2
d (1 )( ) ( ) ( ) [ d ]  for  0 1
d ( )
p
p
x
y yg x g x g x y x
x p y x

       (3.16) 
The last expression represents exactly the chain-end distribution function, g(x), in the case of 
single-component surfactant micelles [28]. In the case of binary surfactant mixtures g(x) = 
g1(x) + g2(x) plays the role of total chain-end distribution function. As demonstrated in 
Section 4.1, the chain-distribution functions of the separate components, g1(x) and g2(x), can 
be expressed in terms of g(x). 
 For numerical calculation of g(x), it is convenient to use the substitution y = x + t2 and 
to represent Eq. (3.16) in the following equivalent form: 
1/2
1 2
(1 ) 2
2 2 1/2
0
1 (1 )( ) 2 d
(2 )
p
x pp x tg x x t
p x t

     (3.17) 
 
3.4. The total chain-end distribution function g(x) 
 In the special cases of spherical (p = 1/3), cylindrical (p = 1/2) and lamellar (p = 1) 
micelles, the integral in Eq. (3.17) can be solved in terms of elementary functions. The 
respective expressions for g(x) read [28,44]: 
1/2 2 1/2
2
1 1( ) 6 ln ( 1) (1 )   (sphere)g x x x
x x
            (3.18) 
1/2
2
1 1( ) 2 ln[ ( 1) ]  (cylinder)g x x
x x
    (3.19) 
2 1/2( )   (lamella)(1 )
xg x
x
   (3.20) 
For the spherical endcaps of wormlike micelles (which have the shape of truncated spheres), 
the packing parameter takes values in the interval 1/3 ≤ p ≤ 3/8 [28]. In this case, g(x) can be 
calculated by numerical integration in Eq. (3.17) by using, e.g., the Simpson rule.  
 Fig. 3 shows the graphs of the function g(x) for p = 1/3, 3/8, 1/2, and 1. In all cases, 
g(0) = 0, which is seen also from Eq. (3.17). Physically, this means that the probability to find 
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a chain-end at the micelle surface is negligible. For p = 1/3, 3/8 and 1/2, we have also g(1) = 0, 
so that the function g(x) has a maximum at an intermediate value of x, which corresponds to 
the maximal density of surfactant chain-ends in the micelle.  
 In the case of lamellar micelle (p = 1), g(x) is a monotonically increasing function that 
has a weak (integrable) singularity for x1 (Fig. 3). In this case, the probability to find a 
surfactant chain-end in the center of the lamella (at x = 1) is the greatest. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Graphs of the total chain-end distribution function, g, vs. the dimensionless distance to 
the micelle surface, x, for four different values of the packing parameter p corresponding to 
different micellar shapes. 
 
 The mathematical investigation of the function g(x) defined by Eq. (3.17) gives the 
following results for the asymptotic behavior of g(x) at x1: 
0 for 2 / 3
(1) 3 2 / 8 1.666 for 2 / 3
for 2 / 3
p
g p
p

   
 (3.21) 
 The fact that for 0 < p < 2/3 the chain-end function g(x) has a maximum (Fig. 3) is 
related to the specific geometry of the micelles in this range of p values, viz. that the center of 
curvature of the micelle surface is located inside the micelle, as it is for the spherical and 
cylindrical micelles, and for the endcaps, as well. Because, the hydrophobic chains of the 
surfactant molecules have finite volume, only the ends of a few chains could be located in the 
small vicinity of the center of curvature. Mathematically, in the framework of the used mean-
field approach, this leads to g(x)0 for x1. In addition, g(x) = 0 for x0 (the chains begin, 
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rather than end, at the micelle surface). In such a case, because in general g(x) > 0 in the 
micelle interior (0 < x < 1), the known Rolle’s theorem implies that the function g(x) must 
have a maximum for 0 < x < 1. With the rise of p, say, if we compare cylinder with sphere, 
the space in the vicinity of micelle center increases, which allows the ends of more molecules 
to enter this vicinity, and for this reason the position of the maximum moves to the right in 
Fig. 3.  
 
4. Distributions of the shorter and longer chains 
4.1. Determination of g1(x) and g2(x) 
 First, in Eq. (3.12) we substitute k(xk,y) from Eq. (3.14) and set g1(x) = g(x)  g2(x). 
After some transformations, we obtain: 
1 12 2
2 2conf
22 2 2
B sg 1 2 10 0
3 1 1 1( )d ( ) ( )d
16
f R l x g x x x g x x
k T l l l l
         (4.1) 
If the two surfactants have equal chainlengths, l1 = l2 = l, then Eq. (4.17) reduces to Eq. (1.1); 
see Ref. [28] for details. 
 In the general case l1  l2, in view of Eq. (3.15) the distribution function of the shorter 
chains, g2(x), depends on the unknown function s2(y). [If s2(y) and g2(x) are determined, we 
could find also s1(y) = 1  s2(y) and g1(x) = g(x)  g2(x).] To determine g2(x), we subject the 
configurational free energy, fconf, to an additional minimization with respect to the variations 
of g2(x). Because g2(x) appears only in the last integral in Eq. (4.1) and l2 < l1 (by definition), 
the minimization of fconf is equivalent to minimization of the following functional: 
1
2
2 2
0
[ ] ( )dg x g x x    (4.2) 
A physical constraint on g2(x) follows from Eq. (3.16): 
20 ( ) ( )  for  0 1g x g x x     (4.3) 
An additional physical constraint follows from Eq. (3.4): 
1
2 2
0
( )dg x x   (4.4) 
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In Appendix B it is proven that the inequality 0 ≤ s2(y) ≤ 1 [with s2(y) substituted from 
Eq. (3.8)] does not lead to any additional constraints on g2(x). Thus, the problem is reduced to 
the minimization of the functional in Eq. (4.2) under constraints given by Eqs. (4.3) and (4.4). 
A logical solution to the problem can be found by discretization of the integrals in Eqs. (4.2) 
and (4.4).  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Illustration of the discretization of the short-chain distribution function g2(x), which is 
used to determine g2(x) by minimization of the functional Λ[g2]; details in the text. 
 
 For this goal, the interval [0, 1] is divided to Ns identical segments of length h, and the 
trapezoidal rule is applied. Thus, the discretized form of Eqs. (4.4) and (4.2) reads: 
s 1
2
2 2
1
(1)( )
2
N
j
gg jh h h 


   (4.5) 
s 1
2 2 2
2 2
1
(1)[ ] ( )
2
N
j
gg j h g jh h h


    (4.6) 
where we have taken into account that g2(0) = 0. Furthermore, let us imagine a variation of g2, 
which consists of small increase of g2 with an increment  at j = m (Fig. 4). To have a 
constant value in the right hand side of Eq. (4.5), the same variation should include also a 
decrease of g2 with  at another value of the summation index, j = n (Fig. 4). At that, the value 
of Λ[g2] in Eq. (4.6) becomes:  
s 1
2 3 2 2 32
2 2
1
(1)[ ] ( ) ( )
2
N
j
gg j h g jh h m n h 


      (4.7) 
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By definition, m < n. Then, if the considered variation leads to a smaller value of , we 
should have  > 0. At the minimum of Λ[g2], for the smaller values of j (like j = m) the 
function g2 should reach its greatest possible value, g2(x) = g(x), whereas for larger values of j 
(like n) g2 should reach its smallest possible value, g2(x) = 0; see Eq. (4.3). Thus, following 
the logic of a numerical minimization we arrive to the conclusion that the function, which 
minimizes the functional Λ[g2], should be (Fig. 5) 
2
( )  for  0
( )
0  for  1
g x x b
g x
b x
      (4.8) 
where g(x) is given by Eq. (3.17) and b is the coordinate of a transition point, which is defined 
in such a way that the constraint given by Eq. (4.4) is satisfied, viz.: 
2
0
( )d
b
g x x   (4.9) 
In view of the relation g1(x) = g(x)  g2(x) and Eq. (4.8), the distribution function of the ends 
of the longer chains is 
1
0  for  0
( )
( ) for 1
x b
g x
g x b x
      (4.10) 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Distribution functions of the ends of the longer and shorter chains, g1(x) and g2(x), 
respectively, as predicted by Eqs. (4.8) and (4.10) – illustration for the case of cylindrical 
micelle, p = 1/2; x = b is the boundary between the regions, where the ends of the shorter and 
longer chains are located; g(x) is the distribution function in the case of identical chains. 
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 The graphs of the functions g1(x) and g2(x) defined by Eqs. (4.8) and (4.10) are shown 
in Fig. 5 for the special case of cylindrical micelle, p = 1/2. For 0 < x < b, the distribution of 
the ends of the shorter chains, g2(x), coincides with the chain-end distribution g(x) for single-
component micelles, whereas no ends of the longer chains are located in this zone, where 
g1(x) = 0. In other words, the chains of the longer surfactant molecules lie across the outer 
region, 0 < x < b, their ends being located in the inner region of the micellar core, b < x < 1. In 
contrast, the shorter chains do not penetrate in the inner region, where g2(x) = 0. 
 Substituting k(xk,y) and gk(x) from Eqs. (3.14), (4.8) and (4.10) into Eq. (3.8), one 
could calculate also the functions sk(y), k = 1,2. 
 
4.2. Determination of the boundary between the outer and inner regions 
 To calculate the parameter b, which determines the boundary between the outer and 
inner regions of the micellar core, it is more convenient to use the relation 
1
1( )d
b
g x x   (4.11) 
which is a corollary from Eqs. (3.4) and (4.10) and is mathematically equivalent to Eq. (4.9) 
in view of the identities g1 + g2 = g and 1 + 2 = 1. The substitution of g(x) from Eq. (3.16) 
into Eq. (4.11) after some transformations yields: 
1
1
12 2 1/2
(1 ) d
( )
p
p
b
y y y
p y b


   (4.12) 
To remove the singularity of the integrand at y = b, it is convenient to use the substitution 
y = b +t2, which brings Eq. (4.12) in the form: 
1/2
1
(1 ) 2 2
12 1/2
0
2 ( )(1 ) d
(2 )
p
b pb t b t t
p b t


      (4.13) 
For given 1 and p, the coordinate of the boundary point, b, can be calculated by numerical 
integration in Eq. (4.13) by using, e.g., the Simpson rule. In the special cases of sphere 
(p = 1/3), cylinder (p = 1/2) and lamella (p = 1), the integral in Eq. (4.12) can be taken 
analytically, which leads to the following equations for b: 
2 1/2 2 2 1/2
12
1 1(1 ) (1 2 ) 3 ln[ ( 1) ] (sphere)b b b
b b
       (4.14a) 
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2 1/2 2 1/2
12
1 1(1 ) ln[ ( 1) ] (cylinder)b b
b b
      (4.14b) 
2 1/2
1(1 )   (lamella)b    (4.14c) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Position, b, of the boundary between the regions, where the ends of the shorter and 
longer chains are located, plotted vs. the volume fraction of the longer chains, 1, for four 
different values of the packing parameter, p, corresponding to different micellar shapes. 
 
 Fig. 6 shows plots of b vs. 1 calculated from Eq. (4.13) or (4.14) for p = 1/3, 3/8, 1/2, 
and 1. One sees that b (and the thickness of the outer region) increases with the rise of p. 
Moreover, b0 for 1 1, that is the region of the shorter chains (0 < x < b) vanishes and 
only the longer chains remain; see Fig. 5.  
 In the other limit we obtain b1 for 1 0 (Fig. 6), i.e. the region where the ends of 
the longer chains are located (b < x < 1) vanishes and only the shorter chains remain (Fig. 5).  
 Because of the relation 1 = 1 – 2, Fig. 6 gives the dependence of the boundary 
coordinate, b, also on the volume fraction of the shorter chains, 2. As demonstrated in this 
figure, the solution of Eq. (4.13) [or of its special forms, Eqs. (4.14a) – (4.14c)] for b always 
exists for any given 1 (0 ≤1 ≤ 1). Physically, this means that if the two surfactants have 
different chainlengths, l2  l1, the inner and outer domains shown in Fig. 5 always exist, and 
that the central part of the micelle (b < x < 1) is always occupied only by the longer chains.  
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 It should be noted that Fig. 5 illustrates the positions of the outer and inner regions for 
the special case of cylindrical micelle (p = 1/2). For other values of the packing parameter, e.g. 
for p = 1/3, 3/8 and 1, the positions of the outer and inner regions of micelle core can be 
determined by simply taking the value of b for the respective 1 and p in Fig. 6, and then, by 
plotting the vertical boundary line x = b for the g(x) curve with the respective p-value in Fig. 3. 
 It should be also noted that the ratio of chainlengths of the two surfactants, l1/l2, affects 
the graph in Fig. 5 through the value of b that, in turns, depends on 1 = 12 (Fig. 6), which 
is related to l1/l2 in view of Eq. (3.11): 
1 1 1
2 2 2
l y
l y

   (4.15) 
As usual, yk and k (k = 1,2) are the molar and volume fractions of the chains, respectively. 
 As an example, taking the value b = 0.6 in Fig. 5, from Eq. (4.14b) we obtain 1  
0.4045, which means that 2  0.5955. Furthermore, the lengths of C14 and C10 alkyl chains 
are l1 = 1.92 nm and l2 = 1.42 nm; see Section 5.1. Then, from Eq. (4.15) we determine 
y1  0.33 and y2  0.67. 
 
4.3. Interaction parameter for two-component micelles 
 In the case of single-component surfactant micelles, the chain-conformation free 
energy per molecule in the micelle is [28]: 
2 2
conf
conf
B sg
3 ( )
16
f R c p
k T l l
  (4.16a) 
11 2
2
conf 2
0
2 4( ) (1 ) d
1 3 2
p
p pc p z z z
p p p

      (4.16b) 
 In the case of two-component micelles, combining Eqs. (4.1) and (4.8) we obtain: 
12 2
2 2
conf 2 2 2
sg 1 2 10 0
3 1 1 1[ ( ) d ( ) ( ) d ]
16
bR lf g x x x g x x x
l l l l
     (4.17) 
where g(x) and b are determined by Eqs. (3.16) and (4.13), respectively. If the two surfactants 
have equal chainlengths, l1 = l2 = l, then Eq. (4.17) reduces to Eq. (4.16a). 
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 For the general case of different chainlengths, l1  l2, in Appendix B it is shown that 
the substitution of g(x) from Eq. (3.16) in Eq. (4.17) leads to 
2 2
conf 1 2
conf conf 1 2 12 2
B sg 1 2 2 1
3 ( ) ( ) ( , ) ( )
16
f y yR l lc p p l l
k T l l l l l
           (4.18) 
As before, y1 and y2 are the mole fractions of the two components in the micelle, and the 
chain-conformation interaction parameter, conf, is defined as follows: 
11
2 2 2 1/2
conf 1 conf 1
conf
1 2( , ) [ ( )] ( ) (1 ) d
( )
p
p
b
p b c p z z b z z
c p p
  
           (4.19) 
In the limiting cases 1 = 0 and 1 = 1, from Eq. (4.19) we obtain 
conf conf( ,0) ( ,1) 0p p    (4.20) 
i.e. conf is zero for single-component micelles. Indeed, for 1 = 0 we have b = 1 (Fig. 6) and 
the integral in Eq. (4.19) is zero because of the vanishing integration domain. In the other 
limit, for 1 = 1 we have b = 0 (Fig. 6) and the integral in Eq. (4.19) becomes equal to cconf(p); 
see Eq. (4.16b).  
 If the interaction parameter was identically zero, conf(p,1)  0, then Eq. (4.18) would 
describe ideal mixing, viz.: 
2 2
conf,
conf 1 conf,1 2 conf,2 conf
B sg
3; ( ), 1, 2
16
k
k
f Rf y f y f c p k
k T l l
    ; (4.21) 
see also Eq. (4.16a). In the general case, conf(p,1) can be calculated by solving the integral in 
Eq. (4.19) numerically, e.g., by using the Simpson rule.  
 In the special cases of spherical (p = 1/3), cylindrical (p = 1/2) and lamellar (p = 1) 
micelles, the integral in Eq. (4.19) can be solved analytically; see Appendix B. The resulting 
expressions for conf(p,1) read: 
2 5/2 2
conf 1 1 1
1 5( , ) (1 )   (sphere)
3 2
b b        (4.22) 
2 3/2 2
conf 1 1 1
1 3( , ) (1 )   (cylinder)
2 2
b b        (4.23) 
21
conf 1 1(1, ) (1 )  (lamella)2
     (4.24) 
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For the spherical endcaps of wormlike micelles, the packing parameter takes values in the 
interval 1/3 < p ≤ 3/8, so that in this case conf(p,1) is to be calculated by numerical 
integration in Eq. (4.19).  
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. Plot of the chain-configuration interaction parameter, conf, which accounts for the 
deviation from ideal mixing, vs. the volume fraction of the longer chains, 1, for four different 
values of the packing parameter, p, corresponding to different micellar shapes. 
 Fig. 7 shows the graphs of conf vs. 1 for p = 1/3, 3/8, 1/2, and 1. Because of the 
relation 1 = 1 – 2, Fig. 7 gives the dependence of int also on the volume fraction of the 
shorter chains, 2. One sees that for mixed micelles with different chainlengths (0 < 1 < 1, 
l2 < l1) the interaction parameter is positive, conf > 0, and then Eq. (4.18) implies that the 
mixing of two surfactants with different chainlengths is always synergistic with respect to the 
chain-conformation free energy fconf. In other words, the mixing of two surfactants with 
different chainlengths always favors the micellization and micelle growth. Calculated 
coordinates of the maxima of the curves in Fig. 7 are given by Eqs. (B.11), (B.17) and (B.23) 
in Appendix B. These maxima correspond to the greatest deviations from ideal mixing and to 
a composition, which is the most favorable for micellization and micelle growth with respect 
to the chain conformations. 
 As mentioned in the Introduction, a phenomenon, which is manifestation of the 
nonideal chain mixing, is the experimental finding that the viscosity of surfactant solutions 
with wormlike micelles increases upon the addition of fatty acids, the increase being greater if 
the mismatch (l1–l2) between the chainlengths of surfactant and fatty acid is greater [29]. For 
example, in the case of added octanoic acid (shorter chain and greater mismatch) the height of 
viscosity peak was 41.0 Pas [30], vs. only 0.603 Pas in the case of added dodecanoic acid 
(longer chain and smaller mismatch) [31], all other conditions being the same. 
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 In the literature, effects of nonideal mixing of surfactants with respect to the values of 
CMC and micelle growth have been discussed mostly in relation to the fact that the 
interactions at the micellar surface depend nonlinearly on the composition of the mixed 
surfactant systems [45,46]. What concerns the mixing of chains in the micellar core, 
Nagarajan [46,47] proposed a semiempirical formula, which assumes ideal mixing for 
micellar radii R < l1,l2, but nonideal mixing for l2 ≤ R ≤l1; see Eqs. (B.24) and (B.25) in 
Appendix B and the detailed discussion therein. In the framework of the mean-field 
theoretical approach developed in the present study, solution of Eq. (4.13) for b always exists 
(Fig. 6); the shorter chains are always located in the outer region (0 ≤ x ≤ b in Fig. 5), and for 
l2  l1 the mixing is always nonideal; see Eq. (4.18) and Fig. 7. 
 
5. Numerical results and discussion 
5.1. Molecular parameters 
 The functions g(x), g1(x), g2(x), b(p,1) and conf(p,1), which are plotted in Figs. 3, 5, 
6 and 7, are universal functions, which are independent of specific molecular parameters, e.g. 
of the chainlengths, l1 and l2, and of the length per segment, lsg. However, to calculate the 
chain-conformation free energy for different surfactant mixtures, we have to specify also the 
values of l1, l2, and lsg. 
Table 1. Length, l, of surfactant alkyl chains containing nC carbon atoms. 
nC l, nm 
10 1.42 
12 1.67 
14 1.92 
16 2.18 
18 2.43 
 For the length per segment we will use the value, lsg = 0.46 nm, which is an 
appropriate value for paraffin chains suggested by Dill, Flory et al. [32-34]. The lengths of the 
paraffin chains can be estimated by using the Tanford formula [52]: 
)(CH)1()(CH)( 2C3C lnlnl   (5.1) 
where nC is the total number of carbon atoms in the chain; the length per CH3 group is l(CH3) 
= 0.280 nm, and the length per CH2 group is l(CH2) = 0.1265 nm. Table 1 presents the values 
of l(nC) calculated from Eq. (5.1) for even nC in the range from 10 to 18. 
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5.2. Maximal radius of the mixed micelles, Rmax 
 By definition, R denotes the radius of a spherical or cylindrical micelle, as well as the 
radius of the endcaps of spherocylindrical micelles. In the case of lamellar micelle, R denotes 
its half-thickness. To determine theoretically the equilibrium value of R for a micelle of given 
shape, its total free energy is to be minimized by variation of R; see e.g. [28]. To specify the 
interval of variation of R, it is important to know the maximal possible value of R, which will 
be denoted Rmax. Our goal here is to determine Rmax for mixed micelles containing surfactants 
with two different chainlengths (l2 < l1) at various values of the packing parameter, p.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 8. Maximum possible radius (or half-thickness) Rmax for mixed micelles Ci+C10 (i = 14, 
16, 18) as a function of the molar fraction y2 of the shorter-chain surfactant (C10) in the 
micelles: (a) Radius of a spherical micelle (p = 1/3); (b) radius of the endcaps of a 
spherocylindrical micelle at p = 3/8; (c) radius of a cylindrical micelle (p = 1/2), and (d) half-
thickness of a lamellar micelle (p = 1). 
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 For this goal, we first notice that R must satisfy the following two inequalities: 
2
1   and    
lR l b
R
   (5.2) 
The first inequality means that the micelle radius R cannot exceed the length of the extended 
longer chains, l1. The second inequality states that the dimensionless thickness of the outer 
region, b, cannot exceed the dimensionless length of the extended shorter chains, l2; see Fig. 5. 
These two inequalities should be simultaneously satisfied. Hence, the maximal micelle radius, 
Rmax, is determined by the relation 
max 1 2min( , / )R l l b  (5.3) 
Because b depends on the micelle composition and on the packing parameter p (see Fig. 6), 
the same is true also for Rmax.  
 As an illustration, Fig. 8 shows plots of Rmax vs. y2 calculated from Eq. (5.3) for mixed 
micelles with chains C14 + C10; C16 + C10, and C18 + C10, where the subscript n in Cn denotes 
the number of carbon atoms in the respective alkane chain. As usual, y2 is the molar fraction 
of the surfactant of shorter chain (in this case C10) in the micelles. Because of the relation 
y2 = 1 – y1, Fig. 8 gives the dependence of Rmax also on the mole fraction of the longer chains, 
y1. The used chainlength values are those in Table 1. 
 As seen in Fig. 8, the micelle radius (half-thickness) varies between l1 for the lower 
values of y2 to l2 for y2 = 1. The kink in each curve corresponds to l2/b = l1, i.e. to b = l2/l1; see 
Eq. (5.3). For the same l2, the kink is located at lower y2 values for greater chainlengths l1. Fig. 
8 indicates that the effect of the shortest chains on Rmax is the strongest (takes place in the 
widest y2 range) for lamellar micelles, whereas this effect is the weakest for spherical micelles. 
 It should be also noted that in the region with Rmax = l2/b, the curves in Fig. 8 are 
numerically close to the predictions of the semiempirical formula proposed in Ref [39]. 
5.3. Free energy vs. micelle radius and composition 
 Fig. 9 shows plots of the chain-conformational free energy per molecule, fconf, vs. 
micelle radius, R, calculated using Eq. (4.18) along with Eqs. (4.16b) and (4.19). The 
calculations have been carried out for mixed micelles of components 1 and 2 with C14 and C10 
chains, respectively, at three different molar fractions of the longer-chained surfactant, viz. 
y1 = 0.25, 0.50 and 0.75.  
 The calculated curves correspond to three different values of the packing parameter: 
p = 1/3 (sphere); p = 3/8 (endcaps), and p = 1/2 (cylinder). Note that for p = 1/3 and 1/2, conf 
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can be calculated from simpler analytical formulas, Eqs. (4.22) and (4.23), where the relation 
between the molar and volume fractions, y1 and 1, is given by Eq. (3.11). 
 Fig. 9 shows that for a given R, fconf increases in the order (sphere) < (endcap) < 
(cylinder). The molar fractions y1 = 0.25, 0.50, 0.75 are equidistant. However, the results for 
the free energy are not equidistant, viz. fconf (0.75)  fconf (0.50) < fconf (0.25). This 
pronouncedly nonlinear variation of fconf as a function of 1 is related to the non-monotonic 
conf (1) dependence in Fig. 7. This result is in agreement with experimental data for the 
dependence of the aggregation number of mixed nonionic wormlike micelles on their 
composition, as demonstrated in Ref. [49].  
 In Appendix B, it is demonstrated that the empirical formula for fconf proposed in Refs. 
[46,47] predicts systematically greater values of fconf in comparison with our theory. 
 
 
 
 
 
 
 
 
 
 
Fig. 9. Plots of the chain-conformational free energy per molecule, fconf, vs. micelle radius, R, 
for mixed micelles with C14 and C10 chains at three different molar fractions of the longer-
chained surfactant, y1 = 0.25, 0.50 and 0.75, and for three different values of the packing 
parameter, p = 1/3 (sphere); p = 3/8 (endcap), and p = 1/2 (cylinder). 
 
6. Conclusions 
 In this article, analytical expression for the chain-conformation free energy, fconf, of 
two-component mixed micelles (spherical, wormlike and lamellar) is derived. The developed 
molecular-thermodynamic theory is a non-trivial generalization of the Semenov mean-field 
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approach for single-component micelles [44], which was found to provide excellent 
quantitative description of the growth of wormlike micelles from nonionic surfactants [28].  
 By analytical minimization of the free-energy functional, we derived explicit 
expressions (i) for the chain-extension distribution functions, 1(x,y) and  2(x,y), and (ii) for 
the chain-end distribution functions, g1(y) and g2(y), in the case of two components of 
different chainlengths. The results indicate that the hydrocarbon core of a two-component 
micelle can be divided in two regions, outer and inner, where the ends of the shorter and 
longer chains are located (Fig. 5). The position, b, of the boundary between the two regions is 
determined as a function of the micelle composition and shape (Fig. 6). The obtained 
expression for the chain-conformation free energy, Eq. (4.18), indicates that the mixing of 
chains with different lengths is always nonideal and synergistic (Fig. 7), i.e. it leads to 
decrease of the micellar free energy, and therefrom – to enhancement of the micellization and 
micelle growth.  
 The chain-conformation free energy is an important component of the total micelle 
free energy. In the case of nonionic micelles, the other components are related to the 
interfacial-tension and headgroup-steric-repulsion effects [28]. In the second part of this study 
[49], we demonstrate that the combined theory, which includes the derived expression for fconf, 
is in perfect quantitative agreement with experimental data for the aggregation number of 
mixed micelles from polyoxyethylene alkyl ethers without using any adjustable parameters. In 
particular, the combined theory predicts the experimentally observed nonlinear dependence of 
the micelle growth parameter on micelle composition, which is related to the nonlinear 
dependence of the chain-conformation free energy on composition (Fig. 9). In this respect, the 
molecular-thermodynamic theory developed in the present article represents a significant 
improvement over the semi-empirical expression for the chain-conformation free energy of 
mixed micelles proposed in Refs. [46,47], which is unable to describe the aforementioned 
nonlinear dependence.  
 The universality of the developed theory of the chain-conformation free energy of 
mixed micelles is related to the fact that it is applicable (i) to surfactants with different 
headgroups (nonionic, anionic, cationic and zwitterionic) and (ii) to micelles of different 
shapes (spherical, wormlike and lamellar). The developed methodology for two-component 
micelles could be further extended to micelles with three and more components. The derived 
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theoretical expression for fconf could be incorporated in a quantitative molecular-
thermodynamic theory of the growth of mixed wormlike micelles in formulations with 
various practical applications. 
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Appendix A. Analytical solution of the variational problem 
 The integration of Eq. (3.8) yields  
11
0
( ) (1 ) d   ( 1,  2)
p
pk
k
s y y y k
p
η
−
− = =∫  (A.1) 
where we have used Eqs. (3.4) and (3.5), as well as a change of the order of integration in 
accordance with the formula  
0 0 0
d d ( , ) d d ( , )
a x a a
y
x y f x y y x f x y=∫ ∫ ∫ ∫  (A.2) 
(see Fig. A.1) where f(x,y) is an arbitrary integrand. To derive Eq. (A.1), we have set a = 1 
and x = xk. One could verify that Eq. (A.1) is consistent with the identities η1 + η2 = 1 and 
s1(y) + s2(y) = 1. 
 
 
 
 
 
Fig. A.1. The double integral over the hatched triangle 
can be expressed in two equivalent ways, see Eq. 
(A.2). 
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 In the minimization procedure, it is assumed that the functions s1(y) and s2(y) satisfy 
Eq. (A.1) by definition. In such a case, Eq. (3.4) becomes a corollary from Eqs. (3.5) and 
(3.8), and does not represent an independent constraint.  
 Here, our goal is to minimize the Lagrange functional Φ defined by Eq. (3.13) at fixed 
functions s1(y) and s2(y). At the minimum, the first variation of Φ has to be equal to zero, and 
correspondingly, the coefficients before the independent variations of the functions gk, εk, λk 
and γk, k = 1, 2, should be set equal to zero. This leads to a system of equations for 
determining these functions.  
 The coefficients before the variations of the Lagrange multipliers λk and γk give the 
constraints expressed by Eqs. (3.5) and (3.8). The coefficient before the variation of gk yields: 
0
( )[ ( , ) ]d 0  ( 1,  2)
( , )
kx
k
k k
k k
yx y y k
x y
γε ε− = =∫  (A.3) 
To derive Eq. (A.3), we have used a change of the order of integration in accordance with 
Eq. (A.2).  
 The coefficient before the variation of εk yields: 
2( ) ( , ) ( ) ( ) ( ) 0  ( 1,  2)k k k k k k k k kg x x y x y g x kε λ γ− − − = =  (A.4) 
Following Semenov [44], we assume that the end segments of all surfactant chains are not 
extended, that is εk(xk, xk) =0. Then, setting y = xk in Eq. (A.4) we obtain: 
( ) ( ) ( )  ( 1,  2)k k k k k kx x g x kλ γ− = =  (A.5) 
The substitution of Eq. (A.5) in Eq. (A.4) yields: 
2 ( , ) ( ) ( )  ( 1,  2)k k k k kx y x y kε γ γ= − =  (A.6) 
Furthermore, the substitution of Eq. (A.6) in the constraint expressed by Eq. (3.5) leads to an 
Abel type integral equation: 
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The solution of the last integral equation reads: 
2 2( ) (0) ( )   ( 1,  2)
2k k
y y kπγ γ= + =  (A.8) 
The substitution of Eq. (A.8) in Eq. (A.6) gives an explicit expression for the dimensionless 
local extension function: 
2 2 1/2( , ) ( )   ( 1,  2)
2k k k
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2 
 
In addition, the substitution of Eqs. (A.8) and (A.9) into Eq. (A.3) yields (0) 0kγ = . 
 Furthermore, the substitution of Eq. (A.9) into the constraint expressed by Eq. (3.8) 
leads to an integral equation for determining the function gk(x): 
1 1
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2 ( )
p
p k
k
y
g xs y y x y k
p x y
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Eq. (A.10) is again an Abel type integral equation. Its solution is given by Eq. (3.15); see:  
A. Chakrabarti, Solution of the generalized Abel integral equation, J. Integral Equ. Appl. 20 
(2008) 1–11. 
 
Appendix B. Additional theoretical derivations 
 
B.1 Investigation for possible additional constraints on the variations of g2(x) 
 Eq. (A.10) for k = 2 can be represented in the form: 
1 1
2
2 2 2 1/2
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p
y
g xps y y x y
x yπ
−
= − ≤ ≤−∫  (B.1) 
By definition, 0 ≤ s2(y) ≤ 1. Hence, the integral in Eq. (B.1) should satisfy the same 
inequality: 
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2
2 2 1/2
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In view of Eq. (4.3) in the main text, we have 20 ( ) ( ),g x g x≤ ≤  and consequently 
2
2 2 1/2 2 2 1/2
( ) ( )0   for  0 1  and 
( ) ( )
g x g x x y x
x y x y
≤ ≤ < ≤ <− −  (B.3) 
By integration of Eq. (B.3) with respect to x, we derive: 
1 11 1
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Having in mind that s1 + s2 = 1 and g1 + g2 = g, the summation of the two expressions in 
Eq. (A.10) yields: 
11
2 2 1/2
( ) d (1 )   for  0 1
( ) 2
p
p
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g x x y y
x y p
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The substitution of Eq. (B.5) into Eq. (B.4) leads to Eq. (B.2). Hence, Eq. (B.2) turns out to be 
a corollary of Eq. (4.3), so that it does not impose any additional constraint on the variations 
of g2(x).  
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B.2 Chain-conformation free energy, fconf, and interaction coefficient, βconf 
 To transform the last integral in Eq. (4.17), we substitute g(x) from Eq. (3.16) and 
integrate by parts: 
1
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see Eq. (4.12). Further, using Eq. (A.2) we change the order of integration in Eq. (B.6) and 
take the integrals with respect to x: 
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Furthermore, we substitute Eq. (B.7) into Eq. (4.17) and take into account the definition of 
cconf(p) given by Eq. (4.16b): 
112 2
2 2 2 1/2conf conf
12 2 2
B sg 2 2 1
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16
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Next, in Eq. (B.8) we separate the terms corresponding to ideal and nonideal mixing, and 
obtain Eqs. (4.18) and (4.19); see also Eq. (4.21).  
 (a) In the case of lamella, we have p = 1 and cconf(1) = 2/3; see Eq. (4.16b). The 
integral in Eq. (B.8) reduces to 
1
2 2 1/2 2 3/21( ) d (1 )
3b
z b z z b− = −∫  (B.9) 
The substitution of Eqs. (B.9) and (4.14) in the expression for βconf, Eq. (4.19), after some 
transformations leads to 
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21
conf 1 1(1, ) (1 )2
ηβ η η= −  (B.10) 
which is Eq.(4.24) in the main text; βconf defined by Eq. (B.10) is positive and has a maximum 
with coordinates (see Fig. 7): 
1 conf3 / 3 0.57735, 3 / 9 0.19245η β= = = ≈  (B.11) 
 (b) In the case of cylinder, we have p = 1/2 and the integral in Eq. (4.12) can be taken 
analytically, so that it acquires the form: 
2 1/2 2 1/2
12
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b b
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Likewise, taking the integral in Eq. (B.8) we obtain: 
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Eliminating the logarithmic terms between Eqs. (B.12) and (B.13), we get: 
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In view of Eq. (4.12), we have cconf(1/2) = 1/3, so that 
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Substituting Eq. (B.15) in Eq. (4.19), we obtain: 
2 3/2 2
conf 1 1 1
1 3( , ) (1 )
2 2
b bβ η η η= − + −  (B.16) 
which is Eq.(4.23) in the main text; βconf defined by Eq. (B.16) is positive and has a maximum 
with coordinates (see Fig. 7): 
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1 conf
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 (c) In the case of sphere, we have p = 1/3 and the integral in Eq. (4.12) can be taken 
analytically, so that it acquires the form: 
2 1/2 2 2 1/2
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Likewise, taking the integral in Eq. (B.8) we obtain: 
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Eliminating the logarithmic terms between Eqs. (B.18) and (B.19), we get: 
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In view of Eq. (4.12), we have cconf(1/3) = 1/5, so that 
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Substituting Eq. (B.21) in Eq. (4.19), we obtain: 
2 5/2 2
conf 1 1 1
1 5( , ) (1 )
3 2
b bβ η η η= − + −  (B.22) 
which is Eq. (4.22) in the main text; βconf defined by Eq. (B.22) is positive and has a 
maximum with coordinates (see Fig. 7): 
1 conf3/2 5/2
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B.3 Comparison with the semiempirical expression for fcor 
 Based on expressions from the Semenov mean-field theory for single-component 
micelles [44], Nagarajan [46,47] proposed the following semiempirical expressions for the 
chain-conformation free energy (per molecule) of binary mixed micelles: 
2 2 2
conf
1 2
B sg 1 sg 280
f p R Qy y
k T l l l l
λπ  = +   
 (B.24) 
where, as usual, y1 and y2 are the molar fractions of the two surfactants in the micelle; l1 and 
l2 are their chainlengths; lsg is the length per segment; R is the radius of the micelle 
hydrocarbon core; p is the packing parameter, and  
1 2
2 2 1
for , ;9 for 1/3 3 / 8;
10 for 1/ 2; for .
R R l lp
Q
p l l R l
λ <≤ ≤ = = = ≤ ≤   (B.25) 
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 In Fig. B.1, we compare the values of fconf calculated from our Eq. (4.18), with the 
predictions of the semiempirical Eq. (B.24). The calculation is carried out for a mixture, in 
which components 1 and 2 have C14 and C10 chains, respectively, at three molar fractions: 
y1 = 0.25, 0.50 and 0.75. Fig. B.1 indicates that the semiempirical Eq. (B.24) predicts 
considerably greater values of fconf as compared to Eq. (4.18). Note that even a difference of 
the order of 0.1 kBT in fconf is essential for the micelle growth [28].  
 Moreover, Eq. (B.24) predicts an almost linear variation of fconf with y1 (equidistant 
curves), whereas Eq. (4.18) predicts a pronouncedly nonlinear variation of fconf with y1 (the 
curves for y1 = 0.50 and 0.75 almost coincide), in agreement with the experimental data [49]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. B.1. Plots of the chain-conformational free 
energy per molecule, fconf, vs. micelle radius, R, for 
mixed micelles with C14 and C10 chains at three 
different molar fractions of the longer-chained 
surfactant, y1 = 0.25, 0.50 and 0.75, and for three 
different values of the packing parameter, (a) p = 1/3 
(sphere); (b) p = 3/8 (endcap), and (c) p = 1/2 
(cylinder). The solid lines are calculated with our 
theory, Eq. (4.18), whereas the dashed lines are 
calculated by using the semiempirical Eq. (B.24).  
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